
VOL. 25, NO. 1, JANUARY 1987 AIAA JOURNAL 139

Structural Sizing by Generalized, Multilevel Optimization

Jaroslaw Sobieszczanski-Sobieski *
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and
Benjamin B. Jamest and Michael F. RileyJ

Kentron International, Inc., Hampton, Virginia

Developments of a general multilevel optimization capability and results for a three-level structural optimiza-
tion are described. The latter is considered a major stage in the method development because the addition of
more levels beyond three does not introduce any new qualitative elements. Therefore, a three-level implementa-
tion is, qualitatively, the equivalent to a multilevel implementation. The method partitions a structure into a
number of substructuring levels where each substructure corresponds to a subsystem. The method is illustrated
by a portal framework that decomposes into individual beams. Each beam is a box that can be further decom-
posed into stiffened plates. Consequently, substructuring for this example spans three levels: the bottom level of
finite elements representing the plates, an intermediate level of beams treated as substructures, and the top level
for the assembled structure. This example is an extension of a previously presented case that was limited to two
levels.
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Nomenclature
cross-sectional area
cumulative constraint, Eq. (22)
capacity, a limitation on the ability to meet a
particular demand d (e.g., allowable stress)
demand, a physical quantity the structure is re-
quired to have, to support, or to be subjected
to in order to perform its function (e.g., stress)
objective function
functional relation
vector of constraint functions, gw

vector of partitions hu
K,h^, hij

p , Eq. (25b)
vectors of the equality constraints defined by
Eqs. (13-15), respectively; the vector elements
are, respectively: hlJ

KSl at 3, hlJ
MS2 at 4, and lij

ps^
at 5, where S^l-Sf, S2 = l-Sf, and S3
= 1-S? m
cross-sectional moment of inertia
stiffness matrix of SSijk
boundary stiffness matrix for SSijk
lower bound on XiJ , including move limits
mass of SSijk (a scalar)
vector of the external loads applied to interior
and/ or boundary of SSijk
vector of Pij transferred to the boundary of
SSijk
vector of the forces Q'/ , r= \^Rij, acting on
the boundary of SSijk
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SK = summation of stiffnesses contributed by
substructures SSijk assembled in a parent
substructure SSmkl

SP = summation of the boundary loads contributed
by substructures SSijk, assembled in a parent
substructure SSmkl

Qik = boundary forces Q} of SSijk, r = 1 -#'>
SSijk = substructure (including the extremes of the

assembled structure and a single structural
element)

SSmkl = substructure parent of SSijk, m = i — l , see
Fig. 2

SSSnlp = substructure parent of SSmkl, n = m-l, see
Fig. 2

STOC = subject to constraints
SUMT = sequential unconstrained minimization tech-

nique
Ipi = upper bound on X\k

Xij = vector of design variables Xt in SSijk,
t=\-»rj

Y*j = vector of the entries in KbiJ, Mij, and the entries
in Pbij that are held constant as parameters in
optimization of SSijk; vector Tj contains V*J

elements Y*J
ZiJ = vector of cross-sectional dimensions Z#,

b=l-^BiJ, used as design variables in SSijk
that corresponds to a single structural element

TT = vector defined by Eq. (26)
p = user-controlled constant in the KS function,

see Eq. (22)
A = increment of a variable (see definition of

subscript 0)

Indices, Subscripts, Superscripts
( ) = optimal quantity
b = association with the SS boundary
e = identification of an extrapolated value
0 = original (references) value from which an in-

crement is measured

Introduction

F ORMAL optimization methods applied to realistic struc-
tures having many components and carrying a large

number of loading cases are hindered by an excessive number
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of design variables and constraints. They frequently become
too costly and unmanageable and can easily saturate even the
largest computers available today or in the foreseeable future.
An obvious remedy is to break large optimization problems in-
to several smaller subproblems and a coordination problem
formulated to preserve the couplings among these subprob-
lems. A very important benefit of such an approach, in addi-
tion to making the whole problem more tractable, is preserva-
tion of the customary organization of the design office in
which many engineers work concurrently on different parts of
the problem. Therefore, research has been directed toward
multilevel optimization methods that decompose large prob-
lems into a hierarchically related set of smaller subproblems
while preserving their coupling. This approach meshes well
with the recent trend in computer technology toward com-
puting distributed over a network of computers whose
characteristics may be matched to individual subproblems for
more efficiency and convenience. Moreover, the decomposi-
tion approach is natural in an engineering organization, since
engineers tend to work in teams, concentrating on parts of a
project in order to develop a broad work front and, thus, to
shorten the development time.

A number of procedures for implementation of the fore-
going approach have been proposed for structural applica-
tions (e.g., Refs. 1-3). A multilevel optimization with decom-
position has also been formulated in a general manner for use
in engineering system design4 concerned with the "tradeoffs"
among various physical subsystems that may be governed by
different engineering disciplines. The unique feature of the
algorithm proposed in Ref. 4 is the use of the optimum sen-
sitivity derivatives introduced in Refs. 5 and 6 as a means of
approximate the coupling among the subsystems.

When the system optimization formulation established in
Ref. 4 is applied to structural optimization, its analysis part
coincides with a general, multilevel substructuring (see, e.g.,
Refs. 7-9). In the simplest case, the system acquires the
meaning of a complete structure and each subsystem cor-
responds to a single structural component that may be
represented by a finite element. This is a two-level, structural
optimization whose algorithm was illustrated by an example
of a framework reported in Ref. 10. It served as a verifica-
tion of the general-purpose algorithm laid out in Ref. 4.

Since the general algorithm presented in Ref. 4 allows a
theoretically unlimited number of hierarchical subsystem
levels in the decomposition, its continuing development re-
quires verification by applications of more than two levels.
One such particular application is structural optimization
with a three-level decomposition. In this decomposition, the
highest level corresponds to the assembled structure, the level
below corresponds to the substructures, and the third, bot-
tom level represents the structural components that make up
the substructures.

Extension of the scheme beyond the three levels would re-
quire more levels of nested substructures sandwiched be-
tween the top and bottom levels. Thus, such an extension
would not add any qualitatively new subsystems to the
scheme. Therefore, one may regard the three-level optimiza-
tion as the simplest case of the most general multilevel
optimization.

The purpose of this paper is to present a general, multi-
level algorithm for structural optimization and to outline its
validation by an example of a three-level optimization of a
framework structure (described in detail in Ref. 11).

One-Level Optimization
An optimization formulation without decomposition

serves as a reference from which the multilevel optimization
algorithm is derived. The optimization is defined in terms of:
the design variables Zb (which are the cross-sectional dimen-
sions of the structural components), the objective function
F ( Z ) that can be any computable function of these variables
(structural mass is the frequent choice), and the constraints

g w ( Z ) imposed on the behavior variables to account for the
potential failure modes. Writing the constraint functions as

the optimization problem in a standard formulation is

minF(Z);
z

(1)

(2)

and requires a search of the design hyperspace considering
all of the design variables and constraints concurrently. In
contrast, an algorithm presented in the next section breaks
the problem into a number of search and analysis opera-
tions, each concerned with a smaller number of design
variables and constraints.

Multilevel Optimization
Preliminary Definitions

The diagram in Fig. 1 shows a structure decomposed into
several levels of substructures. The term "substructure" will
refer to any entity in this decomposition scheme, including
the extremes of the full, assembled structure represented by
the box on the top of the pyramid and single structural com-
ponents representing the ultimate geometrical details ap-
propriate to the problem at hand. The substructure levels are
numbered from 1 on the top to /max at the bottom. The
hierarchical nature of the scheme instigates the use of the
term "parent" to the structure at level ; that, in turn, is
decomposed into a number of "daughter" substructures at
level i+ l . A daughter may have only one parent and that
parent must be at the level immediately above. Thus, it will
be convenient to label each substructure SSijk, where /
denotes the level, j defines the position at the level / counting
from the left, and k identifies the parent's position at the
level i — 1 . The substructure occupying the last position in a
particular parent-daughter succession represents the ultimate
level of detail at which the decomposition stops. There is no
requirement that all such substructures must be at the same
bottom level imax. In discussions involving more than one
substructure, the triplets nip, mkl, and ijk are used to

Level 1

Level 2

Level i

Level
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Substructure
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Fig. 1 Multilevel substructuring.
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Fig. 2 Flow of information.
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distinguished among the substructures forming the hierarchy
shown in Fig. 2.

Substructuring analysis (e.g., Refs. 6-8) establishes the
following functional relations

(3)

(4)

(5)

(6)

(7)

(8)

=f(Kbi+ l'J) = SK (Kbi

pbiJ=f(pU)

Pij=SP(Pbi+l'J)

These relations are computable in a manner prescribed by
the particular substructuring algorithm chosen. For example,
Eqs. (4) and (7) take the form of matrix equations given in
Ref. 8, Chap. 9, Sec. 1, as Eqs. 9.13 and 9.14, respectively.

For SSijk at the ultimate level of detail, the distinctions
between Kbv, Pbij', and KiJ, PV vanish, and KiJ, Afj derive
directly from Zij. Consequently:

pbij _ pij

(9)

(10)

(11)

(12)

The local constraints that arise in SSijk at the ultimate
level of detail involve calculation of the stresses, strains,
local buckling, etc., from Qj and Zij. In addition, con-
straints may be imposed on the internal forces, critical
forces, and displacements of SSijk to account fully for all
the constraints that would have been included in the one-
level optimization problem represented by Eq. (2).

Although the foregoing definition of substructuring
analysis is based on the finite-element stiffness method, the
use of a finite-element analysis is not manatory for the
multilevel optimization algorithm presented here. As far as
that algorithm is concerned, the analysis is a "black box"
where only the inputs and outputs are important.

Multilevel Optimization Algorithm
With the substructuring scheme and analysis established in

the foregoing, this subsection describes the optimization
algorithm itself. The essentials of the computer implementa-
tion are also given.

Basic Concept
The basic idea for the proposed multilevel optimization by

substructuring stems from the elementary observation, based
on Eqs. (3-8), that the effect of a daughter SSijk on its
parent SSi-I, kl is felt only through Kbij, Mj, and Pbij,
which depend on Kb*i+1>j, Af+1J

9 and p^'+U, respectively.
Consequently, the stiffness properties, the mass distribution,
and the manner in which the interior loads are transferred to
the boundary may be controlled in SSijk without disturbing
the results of the SSi —l,kl analysis by manipulating the en-
tries of Kb'i+lJ, Mi+lJ, and Pb>i+l>J as generalized design
variables in a manner somewhat restricted so that the entries
of Kbij

9 M7', and Pbij are held constant. If the entries are held
constant, then the boundary forces Qij acting on every SSijk
in SSi—I, kl remain constant and the effect of manipulating
the generalized design variables in a particular SSijk is

limited to that of SSijk itself and its daughters. As it will be
explained later, the purpose of the above manipulation of
the matrix entries is not to minimize the substructure mass
Afi, which, as stated above, remains constant. Instead, the
purpose is to improve satisfaction of the constraints in the
SSijk and its daughters, while performing the task of the
total mass optimization at the assembled structure level.

Invariance of the entries Kbij, MJ
9 and Pbij can be en-

forced by rewriting Eqs. (4-8) as equality constraints,

(13)

hij
p = pbiJ-

(14)

(15)

Equations (13-15) establish the entries of Kbij, M», and Pbij

as parameters in optimization of SSijk. Simple replacement
of indices renders these equations valid for SSi—1, kl and
redefines the optimization parameters of the daughter SSijk
as generalized design variables in the optimization of its
parent SSi—I, kl, so that

( X i - l - k ] = (YV] (16)

(17)

These equations define a recursive relation of the variables
and parameters that extends from the top of the substructur-
ing scheme to the bottom. Of course, the number of design
variables Tj must exceed the number of parameters V1*
[which is equal to the number of individual equations in the
vector Eqs. (13-15)],

(18)

for a design freedom to exist, allowing for the symmetry of
the stiffness matrices. Otherwise, if

Jij (19)

then the equality constraints of Eqs. (13-15) either define the
SSijk design variables uniquely or over deter mine them.

The basic concept outlined above translates into an
algorithm to be introduced now in detail.

Optimization at the Most Detailed Level
Introduction of the optimization algorithm begins at the

level of the most detailed substructures. Consequently, Eqs.
(9-12) apply and the design variables are the cross-sectional
dimensions so that

and the parameters are

(20)

(21)

It is assumed that a complete, top-down substructuring
analysis for an initialized structure has been carried out so
that for an SSijk one has computed its Qij, while its M*7, ZiJ,
KiJ, and Pij are given.

Optimization for improvement of the constraint satisfac-
tion is achieved by minimizing a single measure representing
all of the constraints—called the cumulative constraint, a
concept similar to the use of a penalty term in the SUMT. A
differentiable cumulative constraint function can be obtained
(as it was in Ref. 10) by means of the Kresselmeier-
Steinhauser function (KS) defined in Ref. 12,

(22)
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that has the property of approximating the maximum con-
straint so that

(23)

with the factor p controlled by the user. Thus, the KS func-
tion serves as a convenient single measure of the degree of
constraint violation (or satisfaction).

Analysis of SSijk yields the local constraints as

(24)

Based on the above definitions, the optimization problem is
formulated.

minCiJ (Xij, TJ, QiJ)STOC

/i£=0, 4=0

(25a)

(25b)

(25c)

Solution of this optimization problem (by any technique
available) yields a constrained optimum described by a vec-
tor ifij composed of the minimum value of the cumulative
constraint C(iJ) and the optimal vector of the design
variables X(iJ\

—ijt _ r />//' I yij } t f)G\TV — \\-sJ\j\J} \^®)

This solution is sensitive to the parameters F7 and to QkiJ so
that derivatives dir^/dY^ and diriJ/dQkij exist and may be ex-
pressed by a chain differentiation to account for Eqs. (3) and
(21) that tie QJ to Y*>,

d&

dX" dX* \ / d& \
d j A ay /

(27)

(28)

In Eqs. (27) and (28), the partials of & with respect to Y$
and with respect to Q*f are obtained from the algorithm
described in Ref. 5 and the partial Qij

r with respect to the Y7/
by conventional structural sensitivity analysis. Parentheti-
cally, one may add that the algorithm of Ref. 5 uses second
derivatives of constraints that may be expensive to calculate.
However, a modified version of the algorithm is available in
Ref. 6 that avoids the cost of second derivatives _and
calculates the sensitivity derivatives for Cij but not for Xij.

Optimization of a Parent Substructure
As shown in Fig. 2, the parent substructure SSmkl,

m = i — l 9 receives from its daughters SSijk the minimized
values of their cumulative constraints Cij, optimal values of
their design variables Xij, and the optimum sensitivity
derivatives of these quantities with respect to parameters Qij

and Y*J, according to Eqs. (26-28).
Preparing for the formulation of the optimization problem

for the parent substructure, we consider the recursive rela-
tion between the design variables and parameters according
to Eqs. (16) and (17) and recognize that Eqs. (9-12) do not
apply. When optimizing the parent substructure, we want to
improve the satisfaction of the assembled substructure con-
straints, such as its elastic deformations and stability that de-
pend on the substructure stiffness, mass, and boundary
forces, as

(29)

At the same time, we want to improve that constraint
satisfaction in all the substructure daughters. These can be
approximated (as in Ref. 10) by linear extrapolation of their
cumulative constraints using the derivatives from Eq. 27,

(30)

This extrapolation plays a key role in the algorithm because
it approximates the daughter-parent coupling without incurr-
ing the expense of reoptimizing the daughters [repeating Eq.
(25)] for every change of the parent design variables.

Including the Cij
e values together with g'~l'k in a

cumulative constraint formed by the KS function we have

(31)

and the optimization problem to be solved for the parent
SS/-1, Mis

minCmk (Xmk, Ymk
f Qmk)STOC

where

The increment Xmk is defined as

(32a)

(32b)

(32c)

(32d)

(33)

(34)

The constraints of Eq. (32b) are analogous to Eqs. (25b)
written in a compact format. The constraints of Eq. (32c) in-
corporate the side constraints to prevent the design variables
from attaining physically impossible values (e.g., negative
diagonal entries in a stiffness matrix) and include the move
limits to control the extrapolation errors introduced by Eq.
30. The constraints of Eq. (32d) are introduced to keep the
design variables in the daughters from exceeding their side
constraints. These constraints are not essential because their
function may be performed directly by the daughter side
constraints. In fact, omitting the constraints of Eq. (32d)
eliminates the need for the derivatives of Xij and allows
replacing the algorithm of Ref. 5 with the much less costly
algorithm of Ref. 6. However, these constraints are included
in this description for completeness.

Solution of the problem of Eqs. (32) generates the result
vector and its derivatives that are analogous to those of Eqs.
(26-28) with the indices ij replaced by m = i-\, and k.

Optimization of the Next Parent Structure
Moving on to the substructure SSnlp, everything that was

stated in the preceding subsection on the optimization of
SSmkl applies to SSnlp directly, provided that: the indexes n,
/, and p are replaced by another triplet, say, a, /3, 7, that
identifies the parent of SSnlp at the level a = n - 1 and the in-
dexes m, k, I are replaced by n, /, p. For consistency, Eq.
(32d), if it is used, should be replicated to encompass fully
each line of succession emanating downward from SSnlp.
Beyond these changes, no new conceptual elements are in-
troduced and no additional definitions or discussion are
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needed at the junctions between the levels until one arrives at
the top level. Hence, any number of intermediate levels of
substructuring can be inserted, if physically justified, into a
line of succession extending downward from the assembled
structure on the top; i.e., the algorithm is recursive.

Optimization of the Assembled Structure
The assembled structure is designated SS110. Its optimiza-

tion problem is similar to the one described for a parent
substructure SSmkl with the following differences:

1) No parameters are defined solely for the decomposition
purposes; therefore, there is no need for the equality con-
straints to enforce constancy of the mass and the boundary
stiffnesses.

2) The objective function is the mass of the assembled
structure.

3) There is no need for a single cumulative constraint
(unless one needs it to reduce the number of constraints to
be processed at that level).

4) The boundary forces are the external loads on the
assembled structure.

Accounting for these differences, the optimization prob-
lem for the top level is

(35a)

(35b)

(35c)

(35d)

(35e)

where Eq. (35e) is analogous to Eq. (32d) with the limits L2j\
LP-J applied in conjunction with extrapolations of the type
expressed by Eq. (33) extended recursively to encompass all
of the levels below as mentioned in the subsection on SSnlp.
Unlike in the daughters SSijk9 the optimization of SS110
does not have to be analyzed for the optimum sensitivity. In-
formation transmitted to the top level optimization problem
is indicated in Fig. 2.

Iterative Procedure
When the SS110 optimization is completed, the entire

structure has acquired a new distribution of stiffness and
mass within the move limits. Hence, the analysis must be
repeated and followed by a new round and substructure op-
timizations in an iterative manner until convergence. Accor-
dingly, the procedure follows these steps:

1) Initialize all cross-sectional dimensions.
2) Perform a substructuring analysis, including for each

substructure at each level, the transformation of the stiffness

Initialize
Substructuring analysis, incl.
behavior sensitivity

Substructure optimizations

Substructure optimum sensitivity
analysis

For all levels i > 1

Assembled structure optimization
Do until M11 converges and all
constraints g/»x < = 0

matrix into the boundary stiffness matrix and the transfor-
mation of the forces applied to the interior degrees of
freedom to the forces coinciding with the boundary degrees
of freedom. Calculations of the behavior derivatives needed
for the ensuing optimizations and for the optimum sensitiv-
ity analyses are included in the substructuring analysis.

3) Perform the operations of optimization and optimum
sensitivity analysis as defined by Eqs. (25-34).

4) Optimize the assembled structure as defined by Eqs.
(35).

5) Repeat from step 2 and terminate only when all con-
straints gij are satisfied at all levels and M\ 1 has entered a
phase of diminishing returns.

This procedure is illustrated in Fig. 3 by a flow chart in
the Chapin chart format.13

Salient Features of the Algorithm
In perspective, the multilevel algorithm differs from a con-

ventional one in a number of salient features outlined in this
subsection.

A multitude of smaller problems, which may be processed
concurrently replace a single large problem. Although the
subproblems are isolated, their coupling is preserved because
the influence of the changes in the parent on the daughters is
represented by linear extrapolation based on the optimum
sensitivity and behavior sensitivity derivatives. With the ex-
ception of the most detailed level, the stiffness and mass
distributions are controlled directly by generalized design
variables. Mass is the objective at the top level, while im-
provement in the constraint satisfaction is the objective at all
levels below.

Selection of the generalized design variables is judgmental.
In the extreme, one may choose to control all entries of the
boundary stiffness matrix, boundary forces vector, and mass
of each daughter, although, intuitively, this would seem im-
practical. Experience will probably show that a limited con-
trol, e.g., over the diagonal entries of the stiffness matrix
only, will suffice in most cases.

The overall procedure building blocks, i.e., the operations
of substructure analysis, constraint calculations, optimiza-
tion, and behavior and optimum sensitivity analyses are
"black boxes" whose algorithmic contents may be freely
replaced, provided that the input/output definitions remain
unchanged. For example, different types of structural
analysis may be used at each level and even for each
substructure, as it will be shown in the numerical example.

Section A-A X" B Mri B
X1i. 4j

e
5

Fig. 3 Multilevel optimization procedure flow chart. Fig. 4 Portal framework.
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Fig. 5 Hierarchical decomposition of the framework structure
shown in Fig. 4.

1
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objective function .6
.4

o Single level results - iterations
n Multilevel results - cycles

O One of the individual constraints recognized in the single level optimization

D Multilevel cumulative constraint containing the above individual constraint

® Single level displacement constraint

H Multilevel displacement constraint

Constraint value .'4
-'.5

"'°0 6 12 18 24

Iterations/cycles

Fig. 6 Representative results.

Table 1 Quantities defined for the multilevel test case optimization

Top level
Objective Framework material volume
Design variables A and I of the beams
Constraints Displacements of the loaded corner and Ce for

the beams

Middle level
Objective Cumulative constraint C representing the col-

umn buckling and Ce for the walls
Parameters Beam cross-sectional area and moment of

inertia
Design variables Wall membrane stiffness contributing to the

beam axial and bending stiffnesses controlled
through the dimensions shown in Fig. 3 (Sec.
A-A)

Constraints Equality-beam cross-sectional area and mo-
ment of inertia

Bottom level
Objective Cumulative constraint C representing a set of

stress and local buckling constraints of the
wall

Parameters Membrane stiffness of the wall
Design variables Cross-sectional dimensions shown in Fig. 3

(Detail B)
Constraints Inequality-minimum gages, geometrical pro-

portions, and geometrical readability
Equality-membrane stiffnesses for tension-
compression and bending of the wall in its own
plane

mulas provided in Refs. 16 and 17 and implemented as
described in Ref. 18.

At each level, the design space search was conducted by
the same general-purpose nonlinear mathematical program-
ming code based on the usable-feasible directions technique
and documented in Ref. 19.

Numerical Example
Test Case

The subject algorithm was tested by optimizing, with and
without decomposition, a framework structure similar to the
one used in Refs. 10, 14, 15. As shown in Figs. 4 and 5, the
framework assembled at level 1 decomposes into three box
beams, each beam being a substructure at level 2. Finally,
each beam decomposes into three walls (the fourth wall is
symmetric), each wall being the most detailed substructure at
level 3. The external loads were applied at one corner of the
framework as shown in Fig. 4. There were no interior loads
on the substructures.

The objective was to minimize the structural material
volume subject to constraints on the displacements of the
loaded point, and in- and out-of-plane elastic stability of
each beam treated as a column, and the stresses and local
buckling of the wall panels treated as stringer-reinforced
plates. There were also minimum gage constraints and the
physical realizability constraints on the cross-sectional
dimensions.

The objective functions, design variables, parameters, and
constraints are defined for the multilevel optimization in
Table 1. A comprehensive description of all the physical and
computational details of the test problem is given in Ref. 11.

Tools for Analysis and Design Space Search
A finite-element analysis was used to calculate the

framework's displacements and beam end forces. Stresses in
the beams loaded with the end forces were computed by or-
dinary engineering beam theory. The beams were treated as
columns for stability analysis and the local buckling of the
walls was based on closed form "designer handbook" for-

Three-Level Optimization
The framework was first optimized without decomposition

to establish the reference results. Then, the multilevel op-
timization algorithm was applied to the structure decom-
posed as shown in Figs. 4 and 5. In the decomposition the
stiffened panels are daughters clustered in triplets under a
parent box beam. The beams, in turn, are daughters of the
assembled structure.

As shown in Table 1, the top level optimization manip-
ulates the beam extensional and bending stiffnesses through
the cross-sectional areas and bending moments of inertia. In
this particular case, the cross-sectional area plays a dual role
as it also controls the beam volume that contributes directly
to the objective function.

At the middle level, the stiffnesses expressed by the area
and moment of inertia become fixed parameters and the
variables are the wall membrane stiffnesses controlled by the
geometrical dimension variables. These variables and, conse-
quently, the membrane stiffnesses become fixed parameters
at the bottom level at which the ultimate detail dimensions
are engaged as variables. The equality constraints arise be-
tween the parameters and variables. Owing to relative
simplicity of the expressions involved, (see the Appendix of
Ref. 11), these constraints were solved explicitly.

Examination of Table 1 in conjunction with the previous
description of the analysis tools illustrates the point that
dissimilar analysis may be used as needed at different places
in a decomposition scheme.

The sensitivity analysis of behavior has been carried out by
a single-step forward finite-difference technique. The op-
timum sensitivity analysis was based on the algorithm given
in Ref. 5.
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Results and Remarks on the Method Performance
Figure 6 shows a sample of results obtained with and

without decomposition. The starting points for both
methods are the same. The normalized plots illustrate the ob-
jective function, a selected individual constraint, and a
cumulative constraint containing the above individual con-
straint as they varied over the iterations. An iteration is
defined in the optimization without decomposition as a
usable-feasible directions iteration. In the three-level op-
timization, it is defined as one execution of the series of
steps listed in the procedure definition in the previous
section.

The results verified that the multilevel algorithm was
capable of finding a feasible design having an objective func-
tion close to and, in some cases lower than, the reference op-
timization without decompositon. Similarly as in Ref. 10,
differences up to 72.1% were observed among the detailed
design variables obtained by the two methods. However,
these differences were no larger than those observed by com-
paring the designs obtained without decomposition starting
from different initial design points. Therefore, these dif-
ferences can be attributed to the problem nonconvexity. The
jagged appearance of the graphs in Fig. 6 is a characteristic
of the usable-feasible directions search algorithm, amplified
in the multilevel optimization by the extrapolation errors.
However, these errors never become excessive and the
daughter substructure reactions to the changes in the parent
design were effectively predicted by the optimum sensitivity
derivatives. It was observed in at least one case that these
predictions enabled the optimization at the middle level to
remove the constraint violations at a bottom level substruc-
ture without any change to the bottom level substructure's
sizing. A detailed comparison of the results from both
methods is given in Ref. 11.

Regarding computational efficiency, the main intrinsic ad-
vantage of the multilevel algorithm is in its capability to pro-
cess the subproblems concurrently. Demonstration of this
advantage would require a large application, distributed
computing, and division of work among many people. Con-
sequently, computational efficiency was not one of the goals
in execution of the relatively small numerical example on a
conventional serial computer; however, the example showed
that the amount of computational labor per one iteration
was less in the multilevel algorithm than in the single-level,
conventional one and that both algorithms required about
the same number of iterations for convergence. The example
also showed that the multilevel algorithm was data-handling
intensive; the operations of data moving and bookkeeping
dominated the programming effort.

Conclusions
An algorithm has been developed for solving the structural

optimization problem as a set of smaller subproblems cor-
responding to levels of nested substructures. The inter-
substructure couplings are preserved by the behavior and op-
timum sensitivity derivatives. The algorithm is inherently
compatible with distributed computing because the subprob-
lems can be processed concurrently.

Numerical tests performed on a conventional, serial com-
puter for a framework decomposed into a three-level hierar-
chy of 13 subproblems demonstrated satisfactory conver-
gence to the close vicinity of the reference solutions obtained
by an optimization without decomposition. A significant part

of the effort to program the algorithm went into the data hand-
ling, indicating that a systematic data management system
(e.g., see Ref. 20) would be required in extending the applica-
tions to more levels. Since the addition of more levels beyond
three would introduce no new qualitative elements into the
algorithm, the three-level test case has been sufficient as a proof
of the concept.
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